Abstract-Two-photon time-resolved photoluminescence has been recently applied to various semiconductor devices to determine carrier lifetime and surface recombination velocities. So far the theoretical modeling activity has been mainly limited to the commonly used one-photon counterpart of the technique. Here we provide the analytical solution to a 3D diffusion equation that describes two-photon microscopy in the low-injection regime. We focus on a system with a single buried interface with enhanced recombination, and analyze how transport, bulk and surface recombinations influence photoluminescence decays. We find that bulk measurements are dominated by diffusion at short times and by bulk recombination at long times. Surface recombination modifies bulk signals when the optical spot is less than a diffusion length away from the probed interface. In addition, the resolution is increased as the spot size is reduced, which however makes the signal more sensitive to diffusion.
I. INTRODUCTION
The development of semiconductor devices such as photovoltaic solar cells requires quantitative characterization of materials parameters to improve their overall performances. While the minority-carrier lifetime may be the most influential parameter for photovoltaic devices, polycrystalline materials such as CdTe have many grains and grain boundaries whose contributions to recombination remains unclear. Timeresolved photoluminescence (TRPL) is a long-standing optical technique capable of probing bulk lifetime and surface recombination velocities of direct bandgap materials. A TRPL experiment consists of generating electron-hole pairs via a laser pulse, and collecting the radiatively emitted photons over time. The non-radiative recombination occurring in the bulk and at various interfaces influences the resulting photoluminescence (PL) intensity decay, so that adequate modeling of this decay can lead to values of bulk lifetime, diffusion constant and surface recombination velocities.
Two different setups have been used to realize TRPL experiments. The first, most common one, uses incident photons with energy larger than the semiconductor bandgap. The absorption of a single photon is sufficient to generate an electron-hole pair which leads to carrier generation that decays exponentially away from the sample surface. A second route taken in [1] - [2] uses photons with energy smaller than the semiconductor bandgap, that is in a spectral range where the material is normally transparent. The generation of an electron-hole pair now requires the absorption of two photons. Because this non-linear process is proportional to the square of the incoming photon flux, the generation of carriers occurs preferably at the focal volume of the optical setup. By changing the position of the sample with respect to this focal volume, electron-hole pairs can be generated far below the sample surface. Details on the operating principle can be found in the literature [3] - [4] . There exists an extensive literature on the modeling of one-photon TRPL [5] - [7] , which assumes a carrier generation that decays exponentially away from the sample surface. The direct carrier generation below the surface taking place in a two-photon TRPL experiment requires new investigations.
In this manuscript we review our 3D model for two-photon TRPL (section II), and we apply it to optical spots in the bulk and at the buried bulk/substrate interface of our model system described in Fig. 1 . In section III we focus on the impact of carrier diffusion and recombination on PL decays for a bulk measurement. We show how surface recombination changes PL intensities and discuss the resolution of the optical technique in section IV. Throughout this paper, unless explicitly stated otherwise, we consider an optical spot shaped as a rectangular prism with lateral dimensions of 1 µm and axial size L z = 3 µm. We assume a uniform excitation of carriers and identical generation and collection regions. While these two regions may be in general different, this case can be obtained in an experimental setup using a confocal microscope.
II. OPTICALLY INDUCED MINORITY-CARRIER TRANSPORT
We start with our model for the transport of optically induced carriers in a p-type material, and introduce the general solution of the problem for the case of a single surface with enhanced recombination. This surface can describe a sample surface or a buried interface as described by our model system in Fig. 1 . We refer to [8] and references therein for more details on the derivations.
The minority-carrier transport is described by the 3D timedependent diffusion equation
and the boundary conditions determined by the surface recombination velocity S
where n(r, t) is the electron density, D is the electron diffusion constant, τ the bulk lifetime and g(r)δ(t) is the carrier generation, taken to be instantaneous. Because we linearized the recombination rate [third term in Eq. (1)], Eq. (1) is valid only for small excited carrier densities (low-injection regime). We introduce the Green's function of the problem G(r, r , t) that satisfies
Upon solving Eq. (4) with the boundary conditions Eqs. (2) and (3), one finds [8] G(x,x , y, y , z, z , t) = e
where erfc is the complementary error function. The electron density follows by computing the convolution of the Green's function above with the carrier generation profile. Because the optical generation is assumed uniform, the electron density is obtained by simply integrating the previous Green's function over the volume of the spot V spot n(r, t) = Vspot dr G(r, r , t),
and similarly integrating the above density over the collection volume V spot yields the PL intensity
The calculation of PL decays hence requires the integration of the Green's function Eq. (5) over all spatial arguments over the generation/collection volumes. We performed these integrations numerically for all the results presented in this paper.
In addition to being limited to the low-injection regime, our model does not include photon recycling [9] and space charge effects caused by local electric fields. Effects of differences in electron and hole mobilities as well as the high injection regime have been studied numerically [10] .
III. TRANSPORT AND LIFETIME EFFECTS IN BULK

MEASUREMENTS
We first consider the case of a bulk measurement, i.e. the generation/collection volumes are far from both the sample surface and the bulk/substrate interface. We analyze how the carrier recombination and diffusion away from the generation/collection region affect the PL intensity. 
While the PL intensities at short times (t < τ ) are all identical in Fig. 2(b) , sharp drops occur as the diffusion constant, hence the diffusion velocity, is increased in Fig. 2(a) . These drops reveal that charge carriers diffuse away from the generation spot and recombine outside of the collection volume, so that emitted photons are not collected. Note that the fast decay is not exponential but algebraic, as shown by Eq. (8) (e −t/τ ≈ 1). One can recover purely exponential decays at short times when collecting all emitted photons, which implies a collection region much larger than the diffusion length. Differences in generation and collection volumes can therefore be used as a knob to characterize carrier diffusion properties.
At long times (t > τ ), Fig. 2(a) shows identical exponential decays, while the slopes of the decays decrease as the bulk lifetime is increased in Fig. 2(b) . Eq. (8) shows that recombination exponentially reduces the PL intensity. At long times, this exponential decay (recombination) dominates the previously discussed algebraic decay (diffusion). This is seen in Fig. 2(b) for τ = 1 ns and τ = 2 ns, while the traces for τ = 5 ns and τ = 50 ns are still in the diffusion dominated regime. As a result, experimentally, in the long time limit a mono-exponential fit should suffice to determine the bulk lifetime τ . Comparisons with experimental data can be found in [8] .
IV. SURFACE RECOMBINATION EFFECTS AND RESOLUTION OF 2-PHOTON TRPL
We turn to calculations done for a generation/collection region at or close to the bulk/substrate interface. We analyze how the enhanced recombination at the interface changes the previous bulk PL decays, and discuss the resolution of the two-photon TRPL technique. Plots presented in this section were obtained with τ = 1 ns and D = 25 cm 2 /s. We denote z as the distance of the bottom of the optical spot from the bulk/substrate interface. shows PL intensities for various surface recombination velocities when the generation/collection spot is at the bulk/substrate interface (z = 0). As expected the PL signal decreases more rapidly for greater values of S, as the recombination current is increased at the interface. PL decays at short times are still dominated by diffusion, as the fast decays for t < 1 ns are independent of the value of the recombination velocity. However, contrary to the previous bulk calculations, PL decays are not purely exponential for times t > τ as S is increased. Consequently, a numerical fitting procedure relying on Eq. (5) together with known generation profile and collection volume is necessary to determine materials parameters.
We increased the distance of the generation/collection region from the bulk/substrate interface in Fig. 3(b) . Calculations were done with z = 0 (bottom of the spot at
Dτ : diffusion length) and z = 10L d . The latter can be considered in the bulk of the system (i.e. no surface effects). We find that a displacement of the optical spot away from the interface by a diffusion length (L d = 1.6 µm) is enough to make the PL intensity insensitive to the probed interface.
In Fig. 4 , we examine the variation in the PL decays as a function of the axial size of the generation/collection region. L z is varied from 1 µm to 10 µm, and we compare the PL decays to the case S = 0 (lines without symbols). The spot is at the bulk/substrate interface (z = 0). Increasing the spot size should reduce the effect of diffusion. However, because we only increase the axial dimension while keeping the lateral size (1 µm) smaller than the diffusion length (1.6 µm), there is still a rapid drop of the PL decay for t < 1 ns. The drop is stronger for L z = 1 µm, and the PL intensity is extremely reduced when the surface effects become visible, which may pose a challenge for experimental detection of photons. At times t > τ comparisons to the case S = 0 show that the PL signals converge towards a single exponential decay as L z is increased. As expected the contribution of the bulk to recombination becomes dominant as the surface to volume ratio of the spot decreases.
V. CONCLUSION Two-photon microscopy is a non-invasive and nondestructive optical technique that can probe subsurface materials parameters. Our 3D modeling allowed us to separate lifetime (recombination) from transport (diffusion) effects in PL intensities. In particular we found that the former influences decays at long times while the latter dominates short times. We have shown that the resolution of the technique for interfacial features is improved as the optical spot is confined at the bulk/substrate interface. However this comes with an increase of the diffusion effects causing a sharp drop in the PL decay at short times.
